Abstract. The computation of the field of moduli of a closed Riemann surface seems to be a very difficult problem and even more difficult is to determine if the field of moduli is a field of definition. In this paper we consider the family of closed Riemann surfaces of genus five admitting a group of conformal automorphisms isomorphic to Z 4 2 . These surfaces are non-hyperelliptic ones and turn out to be the highest branched abelian covers of the orbifolds of genus zero and five cone points of order two. We compute the field of moduli of these surfaces and we prove that they are fields of definition. This result is in contrast with the case of the highest branched abelian covers of the orbifolds of genus zero and six cone points of order two as there are cases for which the above property fails.
Introduction
Let us denote by Aut(C/Q) the group of field automorphisms of the complex number field C. If P is some polynomial with complex coefficients and σ ∈ Aut(C/Q), then we denote by P σ the new polynomial obtained by applying σ to the coefficients of P . If C is some projective non-singular algebraic curve, say defined by polynomials P 1 ,..., P r , and σ ∈ Aut(C/Q), then we denote by C σ the projective non-singular algebraic curve defined by the polynomials P σ 1 ,..., P σ r . In this way, a natural action of Aut(C/Q) on the category of projective non-singular algebraic curves is obtained. As a complex projective non-singular algebraic curve defines a closed Riemann surface and, as a consequence of the Riemann-Roch theorem, a closed Riemann surface can be described by a complex projective non-singular algebraic curve, there is a natural action of Aut(C/Q) at the level of closed Riemann surfaces. If C 1 and C 2 are projective non-singular algebraic curves, which are conformally equivalent as Riemann surfaces (we denote this by C 1 ∼ = C 2 ) and σ ∈ Aut(C/Q), then it is known that C σ 1
It is well known that the field of moduli M(S) is contained in any field of definition of S and Koizumi proved [11] that it coincides with the intersection of all fields of definitions of it. Dèbes-Emsalem [3] (see also Hammer-Herrlich [7] ) proved that there is a field of definition of S which is an extension of finite degree of its field of moduli.
Both, the computation of the field of moduli and the determination of whether the field of moduli is a field of definition are difficult problems for the case that S has genus g ≥ 2.
Necessary conditions for S to be definable over its field of moduli were provided by Weil [14] . Weil's conditions hold trivially if Aut(S) is trivial. On the other extreme, if S/Aut(S) is an orbifold with signature of type (0; a, b, c), S is called quasiplatonic, then Wolfart [15] proved that S can be defined over its field of moduli.
On 1972, explicit examples of hyperelliptic Riemann surfaces, which cannot be defined over their fields of moduli, were provided separately by Earle and Shimura [4, 12] . Recently, on 2007, Huggins [9] proved that a hyperelliptic Riemann surface S, with hyperelliptic involution ι, for which Aut(S)/ ι is neither trivial nor cyclic, can be defined over its field of moduli. Moreover, in the same paper, for each n so that Aut(S)/ ι ∼ = Z n there is constructed an example which cannot be definable over its field of moduli.
In [4] Earle stated the existence of non-hyperelliptic Riemann surfaces which cannot be defined over their fields of moduli, but no explicit example was provided. On 2009, explicit examples of non-hyperelliptic Riemann surfaces which cannot be definable over their fields of moduli were constructed by the first author [8] . These non-hyperelliptic examples turns out to be highest regular branched covers of an orbifold with signature (0; 2, 2, 2, 2, 2, 2). These examples are also Z 3 2 covers of the examples provided by Earle in [4] . A highest regular branched cover of an orbifold with signature (0; 2, n . . ., 2) is called a generalized Humbert curve of type n − 1 and it has genus at least two if and only if n ≥ 5; in which case it is known to be a non-hyperelliptic Riemann surface [1] . In this notation, the examples in [8] are generalized Humbert curves of type 5. A generalized Humbert curve of type 4 is called a classical Humbet curve; these are closed Riemann surfaces of genus five and they were firstly studied by Humbert [10] and lately by Edge [5] and Varley [13] among others.
We were wondering if examples of classical Humbert curves which cannot be definable over their fields of moduli may exist. In this paper we provide a negative answer, that is, we prove that each of these Riemann surfaces can be defined over their fields of moduli. Moreover, we compute the corresponding field of moduli.
The proof of the main result just follow the same techniques developed by Dèbes-Emsalem in [3] (see also Section 3) adapted to our concrete family of curves.
Classical Humbert curves and main results
Let S be a classical Humbert curve. By the definition, S admits groups of conformal automorphisms isomorphic to Z If H is a classical Humbert group of S, then Edge [5] noted that each fixed point of a non-trivial element of H is a Weierstrass point and, in particular, they are all the Weierstrass points of S. It follows from this that a classical Humbert curve admits at most one classical Humbert group and that S is a non-hyperelliptic Riemann surface. If H is the classical Humbert group of S, then the pair (S, H) is called a classical Humbert pair.
The uniqueness of H asserts that it is a normal subgroup of Aut(S); so Aut(S)/H can be seen as a subgroup of Aut orb (S/H), where Aut orb (S/H) denotes the group of conformal automorphisms of the orbifold S/H. Now, as S/H is an orbifold with signature (0; 2, 2, 2, 2, 2), it follows from the classical uniformization theorem that there is a Fuchsian group Γ with presentation Γ = x 1 , ..., x 5 :
is the derived subgroup of Γ. As Γ ′ is unique in Γ, it follows that Aut(S)/H = Aut orb (S/H) and, in particular, that Aut(S) can be obtained by the lifting to S of Aut orb (S/H). As the orbifold S/H is the Riemann sphere with exactly 5 conical points, all of them of order 2, we may identify Aut orb (S/H) with the finite subgroup of the group of Möbius transformations M keeping invariant these 5 conical points (see also [1] ). Now, as a classical Humbert curve S is non-hyperelliptic, it may be holomorphically embedded as an smooth complex projective algebraic curve of degree 8, say C ⊂ P 4 C , by using a basis of the 5-dimensional complex space of holomorphic one-forms H 1,0 (S); the canonical curve [6] . In fact, Humbert [10] provides such a canonical curve as the intersection of 3 (diagonal) quadrics in P 4 C . One of these three quadrics uses all the coordinates, that is, it is of the form x 
where, up to a Möbius transformation, the 5 conical points of S/H are given by ∞, 0, 1, λ 1 and λ 2 , so that λ 1 = λ 2 and λ 1 , λ 2 ∈ C − {0, 1}. In this representation the classical Humbert group H corresponds to the group generated by the involutions a 1 ,...,a 4 , where a j is multiplication by −1 in the j-th coordinate and π :
2 , is a Galois cover with H as cover group whose branch values are ∞, 0, 1, λ 1 and λ 2 .
The uniqueness of H asserts that C λ 1 ,λ 2 ∼ = C µ 1 ,µ 2 if and only if there is some T ∈ G so that T (λ 1 , λ 2 ) = (µ 1 , µ 2 ), where
Given a classical Humbert curve C λ 1 ,λ 2 and given σ ∈ Aut(C/Q), we have the new classical
are not conformally equivalent Riemann surfaces. Let us denote by K λ 1 ,λ 2 < Aut(C/Q) the subgroup consisting of all those σ ∈ Aut(C/Q) for which C λ 1 ,λ 2 and C σ(λ 1 ),σ(λ 2 ) are conformally equivalent Riemann surfaces. In this way, the fixed field of
The main result of this paper is the following.
, where j 1 and j 2 are provided in the proof.
Dèbes-Emsalem's method
In [3, 7] it was proved that a non-singular projective algebraic curve can be defined over a finite Galois extension of its field of moduli. This observation and Weil's theorem provide sufficient conditions for the field of moduli to be a field of definition. We state Weil's theorem in a suitable form adequate for us.
Theorem 2 (Weil [14] ). Let C be a non-singular projective algebraic curve defined over a finite Galois extension L of its field of moduli M(C).
there exists a non-singular projective algebraic curve E defined over M(C) and there exists a biholomorphism R :
Next result, due to Dèbes-Emsalem [3] , is a consequence of Weil's theorem and provides a sufficient condition if a curve can be defined over its field of moduli. This method is given by the computation of certain points. First, we need to recall some definitions. Let us consider a (branched) holomorphic covering between non-singular projective algebraic curves (so closed Riemann surfaces) S and R, say f : S → R, and let us assume that R is defined over M(S). For each σ ∈ Aut(C/M(S)) we may consider the (branched) holomorphic covering f σ : S σ → R σ = R. We say that they are equivalent, noted as
, is the fixed field of the subgroup
Theorem 3 (Dèbes-Emsalem [3] ). If S is a non-singular projective algebraic curve of genus g ≥ 2, then there exists a non-singular projective algebraic curve B, defined over M(S), and there exists a Galois cover f : S → B, with Aut(S) as Deck group, so that M(f : S → B) = M(S). Moreover, if B contains at least one M(S)-rational point outside the branch locus of f , then M(S) is also a field of definition of S. Such a curve B is called a canonical model of S/Aut(S).
We proceed to recall the general arguments for the proof of the above. Let S be a nonsingular projective algebraic curve (a closed Riemann surface) of genus at least two. We denote by O the Riemann orbifold S/Aut(S) and by O B its subset of cone points. Let P : S → O be a Galois cover with Aut(S) as its group of Deck transformations. For each σ ∈ K S , where K S = {σ ∈ Aut(C/Q) : S σ ∼ = S}, there is a biholomorphism f σ : S → S σ . It follows the existence of an automorphism of the orbifold O, say g σ , uniquely determined by σ, so that
The uniqueness of the automorphisms g σ ensures that the collection {g σ : σ ∈ G S } satisfies the conditions on Weil's theorem for the underlying Riemann surface structure of O, say X. It follows the existence of an irreducible projective algebraic curve B defined over M(S) and a biholomorphism Q : X → B so that Q = Q σ •g σ . In this case, f = Q • P : S → B satisfies that M(f : S → B) = M(S). Let us now assume that there is a point q ∈ B which is not a branch values of f and which is M(S)-rational point. Let us fix some point p ∈ S so that f (p) = q. One may check that it is posible, for each σ ∈ K S , to choose f σ : S → S σ so that f σ (p) = σ(p). In fact, we first note that f σ (f σ (p)) = f (p) = q and that f σ (σ(p)) = σ(f (p)) = σ(q) = q. In this way, there is some h σ ∈ Aut(S σ ) so that h σ (f σ (p)) = σ(p) and we may replace f σ by h σ • f σ in order to have the required property. Next, one checks that such collection of new biholomorphism satisfies Weil's conditions to obtain that S can be defined over its field of moduli. Now, in order to compute M(S)-rational points we make use of the following fact.
Lemma 4. In the above notation, S can be defined over its field of moduli if there exists a point r ∈ O − O B so that
Proof. The existence of a point q ∈ B which is M(S)-rational and not a branch value for the branched covering f : S → B is equivalent to find a point r ∈ O − O B (with q = Q(r)) with the property that
σ (σ(r)), the above is equivalent to find a point r ∈ O − O B with the property that
The equality given in Lemma 4 permits to obtain the existence of a M(S)-rational point in B without knowing explicitly B; for it, we only need to know the transformations g σ . Next, we provide the way how to compute such value of r with only a finite number of computations.
First, we states the following easy fact. Set U = {g σ : σ ∈ K S }.
Lemma 5. If g σ is defined over M(S), for every σ ∈ K S , then U is a group and Φ :
, is a homomorphism of groups. Proof. Let σ, τ ∈ K λ . It is not hard to see that the following equality holds
, and g στ ∈ M is uniquely determined by στ and satisfies the equality P στ • f στ = g στ • P , we obtain that g στ = g σ τ • g σ . Since, in our particular case, g σ τ = g τ , the above asserts that g στ = g τ • g σ and we are done.
Lemma 6. Let us assume that, for every σ ∈ K S we have that g σ is defined over M(S). Let σ 1 , ..., σ n ∈ K S be so that g σ 1 ,..., g σn generate U = Φ(K S ). Assume that there is some r ∈ C − {0, 1, λ} so that g σ j (r) = σ j (r), for every j = 1, ..., n. Then g σ (r) = σ(r), for every σ ∈ K S . Proof. We only need to prove that σ i (σ j (r)) = g σ i σ j (r), for every i, j ∈ {1, ..., n}. But,
Again, as Φ is a homomorphism of groups, the equality g σ j • g σ i = g σ i σ j holds; so we are done.
In our case, as O will be of genus zero, the automorphisms g σ will be suitable Möbius transformations. Moreover, it will turn that U < K, where
where M denotes the group of Möbius transformations and S 3 denotes the symmetric group of order 6.
We will also need the following result in Huggins [9] .
Lemma 7 (Huggings [9] ). Let K be a subfield of C. Let C be a genus zero non-singular projective algebraic curve and assume C has a divisor D of odd degree and rational over K. Then C has K-rational points.
Proof of part (1) of Theorem 1: Computation of
Set Ω = {(z, w) ∈ (C − {0, 1}) 2 : z = w}. The group G acts a s a group of analytic automorphisms of Ω. The space Ω is known as the Torelli space of the 5-punctures Riemann sphere and Ω/G turns out to be the moduli space of the 5-punctured sphere, which is the same as the moduli space of classical Humbert curves as a consequence of the uniqueness of the classical Humbert group. Next, we provide an explicit degree 5! map
so that j(T (z, w)) = j(z, w), for every T ∈ G and every (z, w) ∈ Ω, and so that j 1 and j 2 are rational maps defined over Z. That is, j : Ω → j(Ω) is a branched regular cover with G as its deck group; in particular, that j(Ω) is the moduli space of classical Humbert curves. For it, we consider the polynomial map P (z, w) = (z 4 , w 2 ) and the average rational map
By direct computation (done, for instance, with mathematica) one may check that j has degree 5!. As P and the transformations T ∈ G are defined over Z, one can see that j is as desired. The explicit forms of j 1 (z, w) and j 2 (z, w) are given as
where 
, there exists T ∈ G so that T (λ 1 , λ 2 ) = (σ(λ 1 ), σ(λ 2 )). Now, by the above explicit form of j, we have that
). It follows that there exists some T ∈ G so that T (λ 1 , λ 2 ) = (σ(λ 1 ), σ(λ 2 )). In particular, C λ 1 ,λ 2 and C σ(λ 1 ),σ(λ 2 ) are conformally equivalent Riemann surfaces and σ ∈ K λ 1 ,λ 2 . This provides the inclusion M(
Let us denote by O λ 1 ,λ 2 the orbifold whose underlying Riemann surface is the Riemann sphere C and its cone points are given by ∞, 0, 1, λ 1 and λ 2 , each one of them with cone order equal to 2. In this way,
2 . The group Aut(C λ 1 ,λ 2 )/H = Aut orb (O λ 1 ,λ 2 ), the group of conformal orbifold automorphisms of O λ 1 ,λ 2 , is the finite subgroup of M, the group of Möbius transformations, that keeps invariant the set {∞, 0, 1, λ 1 , λ 2 }. As the finite subgroups of M, different from the trivial group, are either (i) cyclic groups, (ii) dihedral groups, (iii) the alternating group A 4 , (iv) the alternating group A 5 and (v) the symmetric group S 4 , it is not difficult to see that the only possibilities for Aut orb (O λ 1 ,λ 2 ) are given by either the trivial group, or the cyclic groups Z 2 , Z 3 , Z 4 , Z 5 or the dihedral groups D 3 , D 5 .
5.1. Let us first assume that Aut(C λ 1 ,λ 2 )/H is not trivial nor isomorphic to Z 2 . Under that assumption,
is an orbifold with triangular signature, that is, the underlying Riemann surface structure is C and it has exactly 3 cone points. It follows that C λ 1 ,λ 2 is a quasi-platonic surface. As quasi-platonic surfaces can be defined over their field of moduli [15] , we are done in this case.
Let us now assume that Aut
In this way, the subgroup of M keeping invariant the set of cone points ∞, 0, 1, λ 1 and λ 2 is generated by an elliptic transformation A ∈ M of order two. We must have that
. So, up to the action of G at the set of parameters (λ 1 , λ 2 ), we may assume that λ 2 = λ −1 1 and that Aut orb (O λ 1 ,λ 2 ) = A(z) = 1/z . In this case, a lifting of A is the automorphism of C λ 1 ,λ 2 given as
and Aut(C λ 1 ,λ 2 ) = H, A .
In the rest, we set λ = λ 1 ,
Let us consider the map Q : C → C defined by
Then, Q defines a degree two branched cover with A as deck group. In this way, it can be checked that P = Q • π : C λ → C defines a regular branched cover with Aut(C λ ) as its deck group. Note that
In this way, the cone points of orbifold O λ = C λ /Aut(C λ ) are given by ∞, 0, 1 (the three of them with cone order equal to 2) and ρ λ with cone order equal 4.
As we are assuming that Aut orb (O λ ) is isomorphic to Z 2 , we must have that ρ λ / ∈ {−1, 0, 1/2, 2, (1 ± i √ 3)/2}. For each σ ∈ K λ there exists a conformal isomorphism f σ : C λ → C σ(λ) . By the uniqueness of H, in both Aut(C λ ) and Aut(C σ(λ) ), it follows that there exists a (uniquely determined by σ) Möbius transformation g σ ∈ M so that
Also, as g σ should preserve the cone points and the cone orders, we have that
, is a homomorphism of groups. The uniqueness of g σ ensures that the collection {g σ : σ ∈ K λ } satisfies the conditions of Weil's theorem [14] . It follows the existence of a conformal isomorphism R : C → Z, where Z is defined over M(C λ ), and so that R = R σ • g σ , for every σ ∈ K λ . In this way, P = R • P : C λ → Z is a regular branched cover with Aut(C λ ) as its deck group so that, for every σ ∈ K λ it holds that P = P σ • f σ . By Lemma 4, in order to prove that M(C λ ) is a field of definition for C λ , we only need to prove the existence of a point r ∈ C − {∞, 0, 1, ρ λ } such that, for every σ ∈ K λ it holds the equality g σ (r) = σ(r). Next, using Lemma 6, we proceed to compute such a value of r ∈ C − {0, 1, ρ λ } for each of the different possibilities for U.
(1) U = {I}. In this case, we may choose for r any rational number different from 0, 1 and ρ λ . (2) U ∼ = Z 2 . In this case, U is generated by one of the following transformations:
. If U is generated by T 1 , then we may take r = −1. If U is generated by T 2 , then we may take r = 1/2. If the generator of U is T 3 , then we may take r = 2. (3) U ∼ = Z 3 . In this case, U is generated by the transformation L 1 (z) = 1/(1 − z). By Lemma 6, we only need to find r so that σ(r) = 1/(1 − r) and σ(ρ λ ) = 1/(1 − ρ λ ). If we set r = a 0 + a 1 ρ λ (a 0 + a 1 ) − a 0 ρ λ , where a 0 , a 1 ∈ Q, then σ(r) = g σ (r). (4) U = S 3 . In this case, by Lemma 6, we only need to find r so that σ(r) = 1/(1 − r), τ (r) = 1/r, σ(ρ λ ) = 1/(1 − ρ λ ) and τ (ρ λ ) = 1/ρ λ . In this case we may take r = ρ λ (ρ λ − 2) 1 − 2ρ λ .
5.3.
Let us now assume that Aut(C λ 1 ,λ 2 ) = H. We have that C λ 1 ,λ 2 /Aut(C λ 1 ,λ 2 ) is the Riemann sphere with the cone points given by p 1 = ∞, p 2 = 0, p 3 = 1, p 4 = λ 1 and p 5 = λ 2 , each of them with cone order equal to 2. Let us consider the positive divisor of degree five D = p 1 +p 2 +p 3 +p 4 +p 5 . For each σ ∈ K λ 1 ,λ 2 there is a conformal isomorphism f σ : C λ 1 ,λ 2 → C σ(λ 1 ),σ(λ 2 ) . Now, as in the previous case, there is a Möbius transformation g σ (uniquely determined by σ) so that π•f σ = g σ •π. The set of cone points of C σ(λ 1 ),σ(λ 2 ) /Aut(C σ(λ 1 ),σ(λ 2 ) ) is given by {∞, 0, 1, σ(λ 1 ), σ(λ 2 )}. On the other hand, as g σ should send the cone points to cone points, it follows that {g σ (p 1 ), . . . , g σ (p 5 )} = {∞, 0, 1, σ(λ 1 ), σ(λ 2 )}. As the collection {g σ } σ∈K λ 1 ,λ 2 satisfies Weil's theorem [14] , it follows the existence of a conformal isomorphism R : C → Z, where Z is defined over M(C λ 1 ,λ 2 ), and so that R = R σ •g σ , for every σ ∈ K λ 1 ,λ 2 . The divisor R(D) = r(p 1 ) + r(p 2 ) + r(p 3 ) + r(p 4 ) + r(p 5 ) now satisfies that R(D) σ = R(D), for every σ ∈ K λ 1 ,λ 2 . In this way, the genus zero curve Z has a divisor of odd degree defined over M(C λ 1 ,λ 2 ). It now follows from Lemma 7 that Z has M(C λ 1 ,λ 2 )-rational points. At this point, these points may be branched values for the branched cover R • π : C λ 1 ,λ 2 → Z. Now, as Z ∼ = M(C λ 1 ,λ 2 ) P 1 M(C λ 1 ,λ 2 ) , it follows that Z has M(C λ 1 ,λ 2 )-rational points off the branch locus. Now the result follows again from Theorem 3.
